
MATH ��, P������� ���M������ �
You should allocate ��minutes to do the following � problems (starting on the back of this page). �e di�culty

and spread of topics are not indicative of the actual midterm. Most of the problems are exercises from Stewart (and
I expect the actual midterm to be like that as well).

Make sure to show your reasoning, as an answer with no explanation will receive no credit on the actual exam.
It is also a good habit to box your �nal answers.



Name: Student ID:

Problem � (adapted from §��.�.��). Let a, b > �. �e equation

x�
a�
+ y�
b�
= �

de�nes an ellipse.

a) Parametrize this ellipse so that it starts and ends at (�, b), and traces the curve out once clockwise.

b) Compute the area enclosed by the ellipse.

Want to use sin and cos . Note that ✗ starts at 0 and increases
,

while
y
starts at b and

decreases
.

So let's use

✗ a sin -1

5- boost
0£ -1<2-11

2T
(A) 21T

Am / ( boost ) ¥ /asintldt =/ ab cos't dt

-

.
TIn

2T 2T

= ab f
.

1+; dt = ab ( t+Éµ
. .

=/abTI

I explained in discussion why 1*1 works to compute the area enclosed by a loop-

IT/z

Alternatively one could compute 4 . Ibust )# la sinh dt by symmetry -

we

1¥



Name: Student ID:

Problem � (§��.�.��). Find the area inside the larger loop and outside the smaller loop of the limaçon r = �
� +cos θ.

| ,
,

"" "
" "↳" " ""

"""" """ "" " "

{ + cos 2--0
cos 0 = - tz

.

-¥¥¥¥÷ ÷ 4¥

1*1 / { I!+cosÑdt - / tzctztcosaidt
-2¥ 2¥

Evaluate / { (1-2+058)
'
do = { +↳so +cos't)

{ =L / ¥ +sin 't / ' da)¥¥¥¥¥¥
= { (¥ + sin Ft Etty sin 28)
= Zgz + {sin 7 + ↳sin" ← call this GIF)

A) is equal to g 1¥ ) - gl -%) - g / ¥1 +gl 1
.

= 3g 1 - g 1¥ )
--31%-3-+91 - IE - ¥1

=µ(3Fs+-



Name: Student ID:

Problem �. Consider the line L� given by

x − �
�
= y − �

�
= z + �−�

and the line L� given by
r(t) = �� − �t, � − �t, �t�.

a) Are L� and L� parallel, intersecting, or skew?

b) If they intersect, �nd the point at which they intersect. Otherwise, determine the distance between the two
lines.

=L → (3-1+1,2++4 , -4-1-37

dir
.
vector for Li : 13,2 , -4) . for Li. f- 3 , -2,4 ) .

These are multiples of each other, so the lines are pava# .

-

The distance from L ,
to Lz is just the

.

"" """
"
"
" " ""⇒ .

distance from 11,4 , - 3) to Lz .

(This only

is valid when the lines are parallel ! )
There are a lot of ways of doing the problem from here . Here is one :

/ (-31-2,4)×1-3,1 , -3> | ~

original= = 1¥ correction -1.

answer)

t.si?f=a.-n.-n .| -3 -2 4



Name: Student ID:

Problem �. Let C be the curve of intersection of the surfaces z =�x� + y� and z = � − y.
a) Parametrize the curve C.

b) Compute an equation for the tangent line to C at the point (�, �, �).

✗= -1

{ -27×4-92 g- ¥z - l -
y z,,,

{ 1-2y+yY=Ñ+yY2- =L - y or 51+1=1-1
,

' "¥7

So ✗ is a good choice as parameter, b/c yundt are easily
expressed in terms of × .

This corresponds to -1--1 with our parametrization .

Flt )= 4
,
- t

,
-17

,
it 'll ) :( 1

,
-1,17

so tangent line is :

LH)-=4p,ntt4,



Name: Student ID:

Problem �.

a) Find a function f (x , y) such that fx(x , y) = yexy + sin y and fy(x , y) = xexy + x cos y.

b) (§��.�.��) On the other hand, there is no g(x , y) such that gx(x , y) = x + �y and gy(x , y) = �x − y. Explain
why, without using integration.

Integrate f-
✗
ix.g)

-

- ye
'M
+sing

with respect to x :

fix.gl -- e 'M + ✗sing + gly )
in

"constant" w.at . ✗ means depends only on y .

Differentiate this w.ir. -1. y
:

fylxiyk ✗ e
'T
+ ✗ cosy

+ g.
'

ly ) .
So glop :O , meaning

gly ) - C , any constant.

Hence ftp.F-xsinyi-427 suffices .

-
lcornected from original sot )

If such a g
existed

,

then

gxylx.gl = ¥ 1×+491--4
while

gyxlx.gl = 13×-41--3

Then gxy
=/ gyx contradicting claimant 's -1hm .



Name: Student ID:

Problem �. Let f (x , y) =√xy, and P be the point (�, �).
a) At the point P, give a unit vector pointing in the direction in which f decreases the most rapidly.

b) (§��.�.��) Compute the directional derivative of f at P in the direction of the point Q = (�, �).

This unit vector should point in the direction of - if 12,8 ) .

fix .gl -- ( tzlxyi
"

y ,
tzlxyi

"
x )

.

☐ f- 12.81 = (I. ty . 8
, tz . 4. 2) = (1,1-4)

So our unit vector is - |f¥,-¥

llorrection to original soll

PJ = 43 , - 4) unit vec ñ in this direction : (§
,

-%)
.

Dif / pt-tfcz.si . i = (1,1-4) . ( Is, -%) = Is - § = 1¥



Name: Student ID:

Problem �. �e point (�, �, �) lies on the surface S given by z = xy. Let H be the tangent plane to S at that point.
Show that the intersection of H with S is a pair of lines, and give their equations.

fix.y+= xy . If :( y ,x)
☐ fc2.is ) -

- 13,27 .

eqn.ro/-H:z--bt3lx-21+2ly-3)--3x+2y- 6

so the intersection is the system {
2- = ✗ Y
2- = 3×+29-6 .

{ t=×y✗ y
- 3×-2,1-6--0

{ t=×y( x - 2) ly-31=0
→ x=2=2y" y#and 2-=3 ✗

19
"

symmetric equations
" of the

two lines
.

converted to vector form :

41-11=12 , -42 , t)
,

Lzl-11=1-43 , 3 , t )



Name: Student ID:

Problem � (§��.�.��). Find the absolute maximum and minimum values of

f (x , y) = x + y − xy
on the closed triangular region with vertices (�, �), (�, �), and (�, �).

flop ) --2
•

0

.EE/--H
.

• If
•

f-14,01--4

flop) --0

④: Pfcx.gl -_ I ② Restrict to 4.g) = (0,27+-114-2)

11 - y , I - ×> =3 octet

✗=\ ,y=l lyes , this is in region ④) i.e. ✗ = 41

4--2-2-1flip ) -- I

¥414-1,2-2-41--0⑧ Restrict -10 ✗ =0 ,
O - y
- 2

Hand -0 ¥, /4++2-2-1 -8-1+8-14=0
ns.so/utions-.&-yly1--o - 6+16-1--0

I = 0

⑤ Restrict -10 04<4 , 1=0 . f- Ig lips , 01gal )
(1-4,01)--0
1=0 no•lnt fl }

,
? )=Yg

Compare values
: fminisoa-luineda.la#f-.Max is 4 attained @ 14,0)

.



Name: Student ID:

Problem �. Let z = f (x , y), where f is a function satisfying the identity

f (tx , ty) = t� f (x , y) (∗)
for all t.

a) (Adapted from §��.�.��) Assume for this part that f is a very “nice” di�erentiable function. Show that

x ∂z
∂x
+ y ∂z

∂y
= �z.

Hint: Di�erentiate (∗) with respect to t.

b) (Hard; do not attempt unless you are done with the rest of the exam.) Suppose that, aside from (∗), we only
know that the domain of f is all of R�, and that f is continuous at all points other than (�, �). Prove that f
is also continuous at (�, �). Hint: try switching to polar to evaluate the limit.

titi
, -ij ,
* *
¥11, ¥,

• *""'"'Y'* mat . -1g ,,,
✗ fgltx.ly?+yfyHx.tyl--3-ifix.y)

Now plugin 4--1 to get the desired result
:

✗ fxcx.yityfylx.yt-3fcx.gl .

Note that fcop, -- ftp.t.oj-t?flop) for all -1 , so flop)=0 .

/im flrcoso , rsin 2) = /im Pfc cost , sin 0-1 .Iim fcx.gl =r-silx.gl→ 10,01 r→°+
zany

a- any

The points kid ,
Sina) are on the unit circle ,

which is closed and bounded
.

Since f

is continuous on the unit circle
,
EYT means it attains a max M and a min rn .

Mr
} s r

>fling , single Mrs ( r > 0)

Then
,

since lim mis - o - lim Mr? the squeeze Thin . tells us
r→o+ r-sot

D- any Dany

lim f-ix.g) = 0 .
Hence the limit is equal to 1-10,01 and fis continuous

IX. yl -710,01 @ 10,0 ) .


